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ABSTRACT
Asymptotically de Sitter spaces can be described by Euclidean boundary the-
ories with entropies given by the modified Cardy–Verlinde formula. We show that
the Cardy–Verlinde formula describes a string with a rescaled tension which in fact
is a string at the stretched cosmological horizon as seen from the boundary. The
temperature of the boundary theory is the rescaled Hagedorn temperature of the
string. Our results agree with an alternative description of asymptotically de Sitter
spaces in terms of strings on the stretched horizon. The relation between the two
descriptions is given by the large gravitational redshift between the boundary and
the stretched horizon and a shift in energy.
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1. Introduction
The microscopic origin of the entropy and temperature of (asymptotically) de
Sitter spaces is a major puzzle in string theory. Recently, a holographic description
of de Sitter space was given in terms of the de Sitter/CFT correspondence[1,2]. In
this framework, de Sitter space is described an Euclidean CFT that lives on its (fu-
ture or past) boundary. The entropy of space (or the cosmological horizon) can be
obtained in the boundary CFT by the (modified) Cardy–Verlinde formula[3,4,5].
This description of de Sitter space suffers from some problems such as the nonuni-
tarity of the boundary CFT, the definition of time evolution on the Euclidean
boundary CFT etc. On the other hand, there seems to be a large amount of
supporting evidence in favor of the dS/CFT correspondence[4-19].
The dS/CFT correspondence can be extended to the case of asymptotically
de Sitter spaces which are described by nonconformal boundary theories with a
monotonic C–function. Asymptotic de Sitter spaces evolve in (bulk) time into pure
de Sitter spaces. On the boundary theory this corresponds to an RG flow from
the IR to the UV which ends at the UV fixed point, i.e. a CFT that describes the
de Sitter space. The (modified) Cardy–Verlinde formula seems to give the correct
entropy for the nonconformal boundary theories which are dual to asymptotically
de Sitter spaces.
With some simple identifications the (modified) Cardy–Verlinde formula can
be put in a form that is very similar to the well–known Cardy formula which holds
for two dimensional, unitary and Lorentzian CFTs[20]. On the other hand, the
Cardy–Verlinde formula seems to be valid for Euclidean, nonunitary CFTs (and
nonconformal theories) in more than two dimensions which live on the boundary of
(asymptotically) de Sitter spaces. This is a very surprising result which has direct
implications for the validity of the dS/CFT correspondence. The origin of this
formula which seems to apply to the above boundary theories is not understood
from first principles. Moreover, its similarity to the Cardy formula seems to imply
that the boundary theories are somehow related to two dimensional CFTs.
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In this paper we show that a boundary theory for which entropy is given
by the (modified) Cardy–Verlinde formula describes a long string with a rescaled
tension. We show that the string actually lives on the stretched horizon of the
(asymptotically) de Sitter space. Seen from the boundary (and taking the rescaling
of the boundary radius into account) the tension of the string is rescaled due to
the large gravitational redshift. Similarly, the temperature of the boundary theory
corresponds to the rescaled Hagedorn temperature of the string. The entropy of the
string (which is the entropy of the space) is equal to that obtained from the Cardy–
Verlinde formula since entropy does not get redshifted. The energy of the boundary
theory is related to the energy of the string at the stretched horizon not only by
the gravitational redshift but also by an additive shift. These results agree with an
alternative description of (asymptotically) de Sitter spaces in terms of a long string
at the stretched horizon[8]. The same string seen from the boundary is described
by the boundary theory with the Cardy–Verlinde formula. Each description of
(asymptotically) de Sitter spaces has its own merits. The boundary description
allows concrete calculations (such as bulk scattering amplitudes given by boundary
correlators); however, it is formulated on the boundary which is not accessible to an
observer who cannot see beyond the cosmological horizon. The string description
does not allow detailed calculations but the degrees of freedom which count the
entropy of the space are accessible to an observer by virtue of being inside the
horizon.
This paper is organized as follows. In section 2 we give the two alternative
microscopic descriptions of asymptotically dS3 spaces and show that the two de-
scriptions are equivalent. In section 3 we generalize these results to more than three
dimensions. Section 4 contains a discussion of our results and our conclusions.
2. Descriptions of Asymptotically dS3 Spaces
In this section we give the two microscopic descriptions of asymptotically dS3
spaces and show that they are equivalent. We first describe the space in terms
of a boundary CFT using the dS/CFT correspondence and show that the entropy
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of the space is given by the Cardy–Verlinde formula. We then describe the space
in terms of a string with a rescaled tension which lives on the stretched horizon.
We find that the boundary CFT actually describes this string as seen from the
boundary with the gravitational redshift of the string energy and tension taken
into account. Thus, the Cardy–Verlinde formula describes the entropy of a string
with a rescaled tension living on the stretched horizon. The fact that we have an
effective string is not surprising for D = 3 since the boundary in this case is two
dimensional. On the other hand, there is no a priori reason for expecting such a
relation between the two descriptions.
We now consider asymptotically de Sitter space with d = 3, i.e. a mass M in
dS3 described by the metric[21]
ds2 = −(1− 8G3M − r
2
L2
)dt2 + (1− 8G3M − r
2
L2
)−1dr2 + r2dφ (1)
where L−2 = Λ and G3 is the three dimensional Newton constant. This space has
only one horizon, namely the cosmological horizon at r = R < L which is given by
1− 8G3M − R
2
L2
= 0 (2)
Thus, R = L
√
1− 8G3M . Since there is only one horizon, the mass M does not
describe a black hole but a stable, pointlike mass which causes a conical defect in
three dimensions. The temperature of the asymptotically de Sitter space (or the
cosmological horizon) is
TadS =
R
2πL2
=
1
2πL
√
1− 8G3M (3)
whereas the entropy is given by[23,22]
SadS =
A
4G3
=
πL
2G3
√
1− 8G3M (4)
The asymptotically dS3 space has two different microscopic descriptions. The
first description is in terms of a boundary CFT using the dS/CFT correspondence.
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In this case, the CFT lives on the future boundary I+ with a radius of R. The
energy of the CFT is (taking into account the redshift by L/R)[3,4]
ECFT =
c
48π
V
L2
(1− L
2
R2
) (5)
where V = 2πR is the volume of the one dimensional boundary and c = 3L/G3 is
the central charge. Above, the first term is the extensive and positive contribution
of the CFT gas (EE) whereas the second term gives the sub–extensive and negative
Casimir energy due to the finite volume (EC). The central charge c and the level
L0 of the CFT are defined in terms of the Casimir energy EC and the total energy
ECFT respectively
c = 24REC L0 = RECFT (6)
The entropy is given by the modified Cardy–Verlinde formula[3,4]
SCFT = 4πR
√
EE |EC | (7)
which reproduces the Bekenstein–Hawking result in eq. (4). With the identifi-
cations in eq. (6) SCFT can be put in a form that is very similar to the Cardy
formula. The temperature of the CFT is obtained from
TCFT =
(
∂ECFT
∂SCFT
)
=
1
2πL
(8)
which is related to the temperature of the bulk by the redshift TCFT = (L/R)TadS .
Therefore, the asymptotically dS3 space is described by a thermal state of a (two
dimensional) boundary CFT with central charge c.
Using EC = (L
2/R2)EE we can write the entropy of the CFT as
SCFT = 4πLEE (9)
We see that the entropy is proportional to the energy which is a characteristic of
string–like behavior. Thus, eq. (9) can be seen as the entropy of a string with
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(c = 6 and) tension Tstr = 1/2πL
2 and energy 2EE . This by itself is not surprising
since the boundary in this case is two dimensional. However, below we show that
this CFT describes a string on the stretched horizon seen from the boundary which
corresponds to an alternative description of asymptotically dS3 space.
The second description of the asymptotically dS3 space is given by a long
string with a rescaled tension which lives on the stretched horizon. This type
of description has been useful in explaining the entropy of all black objects with
Rindler–like near horizon geometries[24-28] and de Sitter space in all dimensions[8].
We take the near horizon limit by r = R− y where y << R. Then we find
1− 8G3M − r
2
L2
→ 2Ry
L2
(10)
The proper distance to the horizon becomes
ρ =
√
2y
R
L (11)
Then, the near horizon metric describes Rindler space
ds2 = −(R
2
L4
)ρ2dt2 + dρ2 +R2dφ (12)
We find the dimensionless Rindler time
τR =
R
L2
t (13)
Using
[ER, τR] = 1 = [ER, t]
R
L2
(14)
we find the Rindler energy
ER =
L
4G3
√
1− 8G3M (15)
We see that the Rindler energy is the entropy of the cosmological horizon; SadS =
2πER. A microscopic description of this result can be given in terms of a long
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string (with tension Tstr = 1/2πℓ
2
s and c = 6) which lives on the stretched horizon
at r = R− ℓs. Then the energy of such a string would be Esh = ER/ℓs. Therefore,
this string is in a state with level number n = E2R which means the entropy
of the string is the entropy of the horizon Sstr = 2π
√
cn/6 = 2πER = SadS .
Since TR = 1/2π, the temperature on the stretched horizon is Tsh = 1/2πℓs,
i.e the Hagedorn temperature of the string. However, a cosmological observer
(with time t) will see a rescaled energy, tension and temperature due to the large
gravitational redshift near the horizon. Using eq. (13) we find that the rescaled
energy is Ecos = (1 − 8G3M)/4G3 whereas the rescaled temperature is Tcos =√
1− 8G3M/2πL = TadS . Seen by the cosmological observer, the string on the
stretched horizon has a rescaled tension Tstr = (1 − 8G3M)/2πL2. The entropy
being a scalar does not redshift and therefore Sstr = SadS .
We now argue that the above two descriptions are equivalent by showing that
the effective string that the boundary CFT describes is the string at the stretched
horizon. Consider the description of the long string as seen by an observer at the
boundary. It is easy to see that (taking into account the coordinate rescaling of the
boundary to get a radius of R) the redshift between the stretched horizon and the
boundary is ℓs/L. Then a string with a scale ℓs will be seen as a string with scale
L from the boundary. Thus, on the boundary the string tension is renormalized
to Tstr = 1/2πL
2 due to the large gravitational redshift. The temperature of
the boundary CFT is given by the redshifted Hagedorn temperature of the string,
TCFT = 1/2πL. The entropy of the boundary theory (i.e. the entropy of the
cosmological horizon) is the entropy of the string which does not get redshifted.
We note that for the energy there is not only a (multiplicative) redshift but also
an additive shift between the boundary and the stretched horizon. This can be
easily seen for the pure de Sitter case (with M = 0) which gives ECFT = 0 but
Esh = L/4G3ℓs. We find that the shift in energy (on the boundary) is precisely
2EC . Note that the energy shift remains 2EC for the asymptotically dS3 space
with M > 0 even though EC changes due to its R dependence. This means a
string on the stretched horizon with Esh = ER/ℓs corresponds on the boundary to
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a state with 2EE = (ℓs/L)Esh exactly as given by eq. (5). This shift in energy is
very similar to the shift between energies as measured in cosmological and static
coordinates. We do not have an explanation for the fact that the two descriptions
of (asymptotically) de Sitter spaces relate to two different energies.
We found that the boundary CFT description of asymptotically dS3 space is
another way of describing a long string on the stretched horizon as seen from the
boundary. Therefore the two microscopic descriptions of asymptotically dS3 spaces
seem to be equivalent. In the above case, the stringy behavior is not very surprising
since the boundary of asymptotically dS3 spaces are two dimensional, i.e. string–
like. However, the fact that the two dimensional boundary theory describes a string
near the horizon is highly nontrivial.
3. Generalization to Higher Dimensions
The results of the previous section can be easily generalized to higher (D > 3)
dimensions. For D > 3 the metric of asymptotically de Sitter space with a black
hole of mass M is[21]
ds2 = −(1− r
2
L2
− µ
d
rd
)dt2 + (1− r
2
L2
− µ
d
rd
)−1dr2 + r2dΩ2d+1 (16)
where µ = GDM and D = d + 3. Now there are two horizons and their positions
are given by the positive roots of
1− r
2
L2
− µ
d
rd
= 0 (17)
The larger root which we denote by R gives the position of the cosmological hori-
zon whereas the smaller one gives the position of the black hole horizon. The
temperature and entropy of the cosmological horizon are given by
TadS =
R
4πL2
((d+ 2)− dL
2
R2
) (18)
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and
SadS =
A
4GD
=
Rd+1
4GD
(19)
As for the D = 3 case, the asymptotically dSD space with D > 3 can be
described by a boundary field theory using the dS/CFT correspondence. The
energy of the boundary theory is given by
EBND =
c(d+ 1)
48π
V
Ld+2
(1− L
2
R2
) (20)
where the first term is the positive, extensive contribution of the CFT gas (EE)
and the second term is the negative, sub–extensive Casimir energy (EC). In D
dimensions we have c = 3Ld+1/GD. This boundary theory was shown to be non-
conformal with a monotonic C–function defined by
48πREC ↔ (d− 2)C 2πREBND ↔ (d− 2)L˜0 (21)
The temperature of the boundary theory is given by TBND = (L/R)TCFT . The
entropy of the boundary theory is given by the Cardy–Verlinde formula[3,4]
SBND =
4πR
(d+ 1)
√
EE |EC | (22)
Again, using eq. (21) SBND can be put in a form very similar to the Cardy formula
even though we do not have a conformal boundary theory. The asymptotically de
Sitter space (with a black hole) is not stable due to the Hawking radiation from
the black hole which is at a higher temperature that the surrounding space. It has
been argued that time evolution of the space corresponds on the boundary theory
to an RG flow from the IR to the UV. After the black hole evaporates and all
radiation leaves the cosmological horizon, the space becomes pure de Sitter. On
the boundary this corresponds to the RG flow reaching the UV fixed point which
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is a CFT that describes the de Sitter space. As before, using EC = (L
2/R2)EE we
find
SBND =
4π
(d+ 1)
LEE (23)
Thus, we find a string–like behavior even for D > 3 where the boundary has a
dimension higher than two. Eq. (23) seems to describe a string with tension
T = P 2/2πL2 and energy 2PEE/(d + 1) where P is a constant. For D = 3 we
found in the previous section that P = 1; however this may not be the case for
D > 3. In fact, we will see below that P is a function of R, L and d which is
determined by the gravitational redshift factor from the cosmological stretched
horizon to the boundary. This is very intriguing and may be the reason behind the
seemingly two dimensional nature of Cardy–Verlinde formula for boundary theories
in any dimension.
We now describe the asymptotically de Sitter space by a long string with a
rescaled tension which lives on the cosmological stretched horizon. This can be
considered as a generalization of ref. [8] which described the entropy of de Sitter
space by the same methods. In the near horizon region, r = R − y with y << R.
Then the near horizon metric becomes
ds2 = −2
(
(d+ 2)R2 − dL2
RL2
)
ydt2 +
1
2y
(
(d+ 2)R2 − dL2
RL2
)
−1
dr2 + r2dΩ2d+1
(24)
The proper distance to the horizon is
ρ =
√
2y
(
dL2 − (d+ 2)R2
RL2
)
−1/2
(25)
The near horizon metric describes Rindler space
ds2 = −1
4
(
(d+ 2)R2 − dL2
RL2
)2
ρ2dt2 + dρ2 +R2dΩ2d+1 (26)
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The dimensionless Rindler time is given by
τR =
1
2
(
(d+ 2)R2 − dL2
RL2
)
t (27)
Note that this reduces to eq. (13) for D = 3, d = 0 as expected. Using eqs. (14)
and (27) we find the Rindler energy
ER =
Rd+1
4GD
(28)
Again we observe that ER is proportional to the entropy of the cosmological hori-
zon; SadS = Ωd+1(d+1)ER where Ωd+1 is the volume of the unit S
d+1. As before,
this result can be microscopically explained in terms of a long string (with tension
T = 1/2πℓ2s and c = 6) situated at the stretched cosmological horizon. The energy
of the string is Esh = ER/ℓs and its entropy is equal to that of the cosmological
horizon. A cosmological observer with time t sees the string tension rescaled due
to the gravitational redshift to Tstr = ((d + 2)R
2 − dL2)2/8πR2L4. The temper-
ature of the space is given by the rescaled Hagedorn temperature of the string,
TadS = ((d+ 2)R
2 − dL2)/4πRL2 which agrees with eq. (18).
We now argue, as in theD = 3 case, that the two descriptions of asymptotically
dSD space are equivalent. Seen from the boundary, the energy and temperature
of the string on the cosmological stretched horizon are rescaled by the redshift
factor ℓs((d + 2)R
2 − dL2)/R2L. The entropy does not get rescaled so we have
SBND = Sstr = SadS . We see that the boundary theory describes a string with a
tension ((d+2)R2−dL2)2/8πR4L2. The temperature of the boundary theory is the
rescaled Hagedorn temperature of the string, i.e. TBND = ((d+2)R
2−dL2)/4πR2L
which agrees with TadS in eq. (18) up to the redshift factor. The energy of the
boundary theory becomes E = ER(d+2)R
2−dL2)/2R2L which is related to EBND
in eq. (21) by a shift which depends on R.
We found that the boundary theory in which the entropy is given by the Cardy–
Verlinde formula actually describes a string with a rescaled tension. This is very
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surprising since the boundary for D > 3 is not two dimensional. It seems that this
relation between the boundary theory and the string on the stretched horizon is
the origin of the apparent two dimensional nature of the Cardy–Verlinde formula
for D dimensional boundary theories.
5. Conclusions and Discussion
In this paper we showed that the boundary theories which are dual to asymp-
totically de Sitter spaces describe strings with rescaled tensions. This can be easily
seen from the Cardy–Verlinde formula which shows that the entropy is proportional
to the energy. The string that the boundary theory describes lives at the cosmo-
logical stretched horizon and its tension is rescaled due to the large gravitational
redshift between the boundary and the horizon. The temperature of the bound-
ary theory is the rescaled Hagedorn temperature of the string. The energy of the
boundary theory and that of the string are related by the gravitational redshift and
an additive shift. The reason for the appearance of two different energies in these
descriptions is not clear to us. This picture agrees with an alternative description
of asymptotically de Sitter spaces in terms of strings with rescaled tension at the
stretched horizon. The two descriptions are related by the gravitational redshift
between the boundary and the stretched horizon. The boundary description of the
space allows for computation of scattering amplitudes etc. but is not accessible
to any observer since it takes place beyond the cosmological horizon. The string
decription is not suitable for explicit calculations but describes degrees of freedom
that can be observed since they are inside the cosmological horizon. In this sense,
the two descriptions seem to complement each other.
An important feature of asymptotically de Sitter spaces is their instability
due to Hawking radiation from the black hole. On the boundary theory this is
described by the RG group flow from the IR to the UV. How is this represented
in the description with the string at the stretched horizon? In this description,
each horizon is described by a string that lives at the respective stretched horizon.
The string at the stretched black hole horizon has a higher temperature than the
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one at the stretched cosmological horizon (as seen by a cosmological observer)
and therefore it emits radiation (small closed strings) which are absorbed by the
string at the stretched cosmological horizon. Due to this absorbtion of energy the
string at the stetched cosmological horizon gets longer which effectively increases
the radius of the cosmological horizon.
In the description with the strings there is a symmetry between the two hori-
zons; they are both described by strings in the same manner. On the other hand,
it is known that in the framework of the dS/CFT correspondence, a description
of the black hole horizon in terms of a boundary theory is lacking. Perhaps, the
above relation between the two descriptions of asymptotically de Sitter space is an
indication that the black hole horizon is described by a(nother) boundary theory
on I−.
It would be interesting to see if the above equivalence betwen the two descrip-
tions can be generalized to flat space. Black objects in flat space–time can be
described by strings with rescaled tensions living on stretched horizons. A naive
extrapolation of our results show that, in the flat space–time case, the boundary
goes to infinity and the central charge of the boundary theory diverges. It seems
difficult to make sense out of such a theory. On the other hand, one can speculate
that the holographic theory lives on the horizon of the black object with a central
charge fixed by the black hole (and not the cosmological) radius.
Our results indicate that there is a clear relation between strings that live on
stretched horizons and the holographic field theories that are dual to a given space–
time[29,30]. In this paper we showed this for asymptotically de Sitter spaces and
their holographic duals. In order to continue along these lines, one needs to better
understand the field theories in question. This is problematic for asymptotically
de Sitter spaces since the field theories on the boundary are Euclidean and not
unitary. On the other hand, it seems that all our results hold equally well to
an AdS black hole in the context of of AdS/CFT correspondence. It would be
worthwile to examine the role of strings on stretched horizons in AdS space and
12
their relation to the boundary theories which are better understood.
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